
 
Primarydecomposition

For this section assume R is Noetherian and Mto is a

finitely generated R module

Typically primary decompositions are defined for ideals of

rings but we will define it moregenerally for submodules

Def A submodule NEM is primary if Ass MN
has just one element P In this case we say N
is Eprimary
M is coprinray if O E M is primary i e if AssM
consists of a single element

By recalling howAssM behaves in short exact sequences
we obtain the following

Pep If PER is prime N NtE M R modules
then if each Ni is P primary in M inNi is
P primary

If By induction we can assume t 2

Then
N nm Cs MN MIN so

Assckn.hn E Ass Mn 0 2 E Assyn UAssMIND p



Since Ass MNnNz 1 0 N NN is P primary D

Using our big theorem about associated primes we getthe
following characterization of coprimary modules

Pep Let PER be prime The following are equivalent

a M is P coprimary

b P is minimal over annM and every elf hot in P is
a nonzerodivisor on M

c A power of P annihilates M andevery element nut
in P is a NZD on M

Note If M PYI for some nonzero ideal I this

says I is P primary if a power of P is in I
and t r s cR s.t.rs c I and help set
This is the classical definition of P primary

IDE g Hy is hot Cx primary but it's
G y primary

Pfoffprop
a b P is the only associated prime of M so it

must be minimal over annM and P zeonwdnivisors UB

b let P PRP If P annihilates Mp then

F_m o t me M reP ur m O for some help but
u is a NZD so r annihilates M



Thus we just need to show P annihilates Mp

P is minimal over the ideal gem by ann M annMp

P rad ann Mp For generators x Xm of P
7 ki st Xikie ann Mp F h SO s t F EannMp

a since P E ann M P C rad ann M

Thus it mustbeminimal amongprimes over annM so

it's an associated prime

Since every ettoutside P is a NZD on M all associated

primes are in P so M is P wprimary D

Notte Part b tells us that M is P coprimary P is

minimal over ann M and M injects into Mp

If M is anymodule and P minimal over ahh M then

M Ker M Mp is P primary since MIMI injects

into Mp Mmi p o M M Mp exact
o Mf Mp Mpexact

In this case M is the P pri.mu t of O in M

Ex I x'y E kCxy



Let M K YYI Then the minimal primes in Kay over

AnnM I are x and y

Ker M Me I Vr o for some VEI x

x

Ker M Mey y and x'y y n x

Ex I x2 Xy E kCxy M k MI The only minimal prime
over the annihilator is x and

Ker M Me x However I t x

Net Part b of the theorem says I is P primary
P is min't over I rad IEP

Part c PEI Parade so I P primary P radI

However the above example showsthe converse is nottrue
i e I is not primary just because its radical is prime

radx3xy x but Ass xy 161 x y

The idea w primary decomposition is to write an arbitrary submodule
M of M as the intersection of primary submodules



Them let R be a Noetherian ring and let M be a finitely
generated R module Any proper submodule M CM is the
intersection of finitely many primary submodules

If P Pn are prime and M Mi w Me Pi primarythen

a Every associatedprime of NM occurs amongthePi

b If the intersection is irredomdemt i e no Mi can bedropped then
thePi are precisely the associated primes of MIM

c If the intersection is minimal ie no intersection w fewer

terms then each associated princeof MIM is equal
to Pi for exactly one index i
In this case if Pi is minimal over the annihilator of Mlm
then Mi is the Pi primary component of O in M

PI First we prove a slightly finer decomposition

A submodule NCM is irreducible if N is not the intersection

of two strictly larger submodules

Every submodule of M can be expressed as theintersection
of finitely many irreducible submodules by ACC

so we can write M AMi w each Mi irreducible



called an irreducibledecomposition

If Mi is hot primary then F P and Q distinct
associated primes of Mmi Thus

Vp and inject into 4mi

The annihilator of every element of Xp is P and of
MO iz Q so their imagesintersect in 0 thus O is
reducible so taking preimages in M Mi is reducible

Thus each Mi is primary so this is actually a primary
decomposition

To show a c we factor out M and assume M O

a Suppose O hMi is a primary decomposition
Then the map
M MGM MIMI is an injection

since m o me AM m O

Thus AssME UAssMm Pi

b Now suppose that for each j hi jMi to



Then let A AMi and B Mj so AAB O
itj

Then A Alaniz I AtB p E MIB Mmg

Mj is Pjprimary so
M
Mj is Pj coprimary

so A is as well But AssA EAssM so PjEAssM

C Now suppose the decomposition is minimal The intersection

of P primary submodules is P primary so the Pi must
be distinct By b we've shown the first statement

For the second statement assume Pi is minimal over

the annihilator of M

We need to show Mi kev a M Mpi

Consider the following commutative diagram

Imanµ MPifMi
pi

is A
MIMI

The kernel of B is Mi so if we can show I and 8



are injective we're done

Since Mi is Pi primary or is an injection

Since AMj O Y M MIMI is injectivet t

4 Mpi Mmi is injectivePi t

since Pi is minimal over annM Pj Pi for i j
But M

µj is Pj primary so for a cPj Pi some power

of u annihilates MMj so M
Mjpi O

Thus 8 is an injection as desired D

Primarydecompositionaidocalization

Suppose we have a minimal decomp

M Mi lov M EM and Pi the Corr primes

let HER be multiplicative and reindex the Mi and Pi
s.t Pi Pt are the Pi hot meeting U

Chaim M Cui AtMiCU is a minimal primary decomp
over RCU



PI Again by factoring out M we can reduce to the
case M O

If Uhl 0 then AssMiki ftp.RCUB so MiCui is
PiRCU primary

If Uhl 14 then Mmi U T O Mike J MCU

Thus
i Miki 0 is a primary decomposition

Since the associated primes of MCW are those of M
that don't meet U this isminimal D

PrimarydecompositioninUFDsy

Recall that the motivation for primary decomposition
was prime factorization in R or in UFDs more generally
Now we show that the definitions agree

Prep 1 et R be a Noetherian integral domain

a If f c R and f UITpiei s t U is a unit and
the Pi s are primegenerating distinct ideals ei 0 then
f N pili is the minimal primarydecomposition ofCfl



b R is a UFD every prime ideal minimal over a

principal ideal is principal

PI a First we show pili is pi primary
Rclearly a power of pi annihilates Kpiei

If re R pi and hireR piei at tm O then

piliImf but pi doesn'tdivide r so hi O
Littof
in in12

Clearly f En pili so we need to show the

reverse inclusion

By induction we need to show g n p E f

where g YEIpie

let r e g n pie Then r gq c pi
P doesn't divide g p Iq Repeating this
pie Iq r c ft as desired

b Suppose R is a UFD If f pi is the prime
factorization of an element f then by a the

associated primes of are pi so they
are minimal over ahh Mfg f



Conversely suppose every prime ideal minimal over
a principal ideal is principal

If every irreducible element is prime then factorizations
are unique and they exist by ACC Thus
it suffices to show any irreducible f c R is prime

If P is minimal over f then P p so f Pu
some u Since f is irreducible U must be a unit

so f p so f is prime D

Moregeometriamples

We'll informally give some more geometric intuition behind the

primary decomposition let k ti

Ex Let I Yy E kCxy VII my so set theoretically
this ideal corresponds to a point

If f Aot a x azytasx't is apolynomial then

its residue mod x 3 y preserves the scalars ao f 0,0 and

a 3 o.o ie it gives the value of the function at the origin
and its derivative in the horizontal direction

f Alsonote I containsgbut not



Ex I x xy y Here if we look at f mud I we get the

value of fat 0 and the values ofthe firstderivative in any
direction We can think of VCI as the whole first order

infinitesimal neighborhoodof theorigin

t
Ex If I xD the residue off mod I tellsthe value of
f at every point on the line x _0 along w the values of

its first derivatives in the horizontaldirection

From these ideas we're able to roughly understand geometrically
what the primary decomposition means

Ex I ni xy x n x xy y corresponds to the
union of the vertical line and a first order infinitesimal
neighborhood of theorigin However the only info about
the first order behavior of a functionthat's not in the

vertical line is in one other e.g the horizontaldirection

so I x n Hy Similarly

Lx yr Cxtyy n x hi xy


